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We report an exhaustive compilation of wavelength-dependent matrix elements over the mean polar-
izability (ᾱ) and polarizability anisotropy (γ) operators for the rovibrational states of the H2, HD,
and D2 molecules together with an accompanying computer program for their evaluation. The matrix
elements can be readily evaluated using the provided codes for rovibrational states with J = 0–15 and v
= 0–4 and for any laser wavelengths in the interval 182.25–1320.6 nm corresponding to popular, com-
mercially available lasers. The presented results substantially extend the scope of the data available in
the literature, both in respect of the rovibrational transitions analyzed and the range of covered laser
frequencies. The presented detailed tabulation of accurate polarizability tensor invariants is essential
for successful realization of our main long-term goal: developing a universal standard for determining
absolute Raman cross sections and absolute Raman intensities in experimental Rayleigh and Raman
scattering studies of molecules. Published by AIP Publishing. https://doi.org/10.1063/1.5011433

I. INTRODUCTION

The concept of polarizability plays an important role in the
study of light-matter interactions, particularly in the process of
scattering of light by atoms and molecules. The theory relat-
ing the depolarization ratios in Rayleigh and Raman scattering
and the band intensities in the rotational Raman spectrum to
the vibrationally and rotationally averaged invariants of the
polarizability tensor was developed by Placzek.1 This theory
is valid for molecules with a non-degenerate ground state and
for sources of electromagnetic radiation with energy ranges not
covering absorption and resonance processes. In particular, it
is applicable for the description of scattering of visible light
by the hydrogen molecule and its isotopologues. Owing to the
simplicity of these systems, H2, HD, and D2 are of great inter-
est for Raman spectroscopy since the invariants of the polar-
izability tensor can be determined both from theory and from
the experimentally measured Rayleigh depolarization ratios.
Accurate experimental measurements of Raman intensities
and Raman depolarization ratios for rovibrational transitions
in H2, HD, and D2 accompanied by accurate theoretical ab
initio determination of those quantities can provide a univer-
sal standard for determining absolute Raman cross sections2,3

and absolute Raman intensities4,5 needed for quantitative
Raman spectroscopy,18,20,87,88,105 calibration of Raman spec-
trometers,6,7 determination of rovibrational population distri-
butions,8–10 and more. Calibrated Raman spectrometers allow
for precise experiments, for example, determining experimen-
tal Raman cross sections3,11–13 and temperature determination
using anti-Stokes and Stokes Raman intensities.5,14–23 Our
long-term goal is to develop such a universal standard based on
the rovibrational Raman transitions in various isotopologues of
the hydrogen molecule. The current study, reporting numerical
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codes capable of computing accurate wavelength-dependent
transition matrix elements over the mean polarizability (ᾱ)
and polarizability anisotropy (γ)24 operators for any incident
light wavelength in the interval 182.25–1320.6 nm correspond-
ing to popular commercially available lasers usually employed
in Raman spectroscopy and for the rovibrational states of the
H2, HD, and D2 molecules with J = 0–15 and v = 0–4 (for
the X1Σ+

g electronic state), constitutes the first step in this
direction.

Several theoretical techniques were used in the past for
computing the polarizability of the hydrogen molecule and
its isotopologues. Static polarizability was calculated for H2

by Kołos and Wolniewicz,25 using the variation-perturbation
method. Ford and Browne26 used sum-over states method
with the configuration interaction wave functions to calculate
polarizability for hydrogen at several different wavelengths.
Rychlewski27 performed state-of-the-art calculations using the
variation-perturbation method for the wavelength-dependent
polarizability components of HD and D2. Schwartz and Le
Roy28 computed the rovibrational wave functions for six iso-
topic forms of H2 using a clamped nuclei potential29 with
relativistic,30 radiative,31 and scaled adiabatic corrections.30,32

Using those rovibrational wave functions and ab initio polariz-
ability tensors determined by Rychlewski, they calculated the
matrix elements over the mean polarizability (ᾱ) and polariz-
ability anisotropy (γ) operators at the excitation wavelength
of 488 nm.

In spite of the continued interest3–7,10,28,33–37,102,106 in the
polarizability of the molecular hydrogen and in the associ-
ated matrix elements, the available literature on the subject is
limited to the laser excitation wavelengths common decades
back. Furthermore, the full set of matrix elements required
for a detailed analysis of Raman bands, even for the ground
vibrational state, is not available in the literature. This paper
is concerned with theoretical determination of isotropic and
anisotropic invariants of frequency-dependent polarizability
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for H2, HD, and D2 together with their matrix elements relevant
for scattering studies of these molecules in their ground elec-
tronic state. The polarizability invariants, mean polarizability
ᾱ = (2α⊥ + α ‖)/3 and polarizability anisotropy γ = α ‖ � α⊥,
computed using ab initio techniques on a dense grid of inter-
atomic distances, have been used together with the set of
rovibrational wave functions to evaluate the corresponding
matrix elements for the electronic ground state X1Σ+

g of H2,
HD, and D2. The values of the ᾱ and γ matrix elements can
be computed over the set of rovibrational wave functions with
J = 0–15 and v = 0–4, which have been determined by solv-
ing numerically the radial-nuclear equation for H2, HD, and
D2 using the clamped nuclei potential energy surface with
adiabatic, relativistic, and radiative corrections obtained by
Wolniewicz.38 The actual values of some of the ᾱ and γ matrix
elements evaluated for a set of 52 common laser wavelengths
are tabulated in the supplementary material. The computed
matrix elements compare well to the previous theoretical and
experimental results available from the literature, allowing in
some cases to identify numerical errors in the previously pub-
lished results. A detailed analysis of various sources of errors
in our computational procedure, presented in the supplemen-
tary material, allows for establishing approximate error bars
for the presented results.

The computational protocol reported here has been imple-
mented in two equivalent FORTRAN and Python programs,
which can be used to compute the matrix elements over
four operators: polarizability perpendicular to the internuclear
axis (α⊥), polarizability parallel to the internuclear axis (α ‖),
mean polarizability (ᾱ = (2α⊥ + α ‖)/3), and polarizability
anisotropy (γ = α ‖ � α⊥) for H2, HD, and D2. These programs
are self-contained and use as input the precalculated data, con-
sisting of the distance- and frequency-dependent polarizability
tensor components and rovibrational wave functions. These
programs together with the set of data files are openly accessi-
ble on GitHub39 and in the supplementary material as a zipped
directory.

II. COMPUTATIONAL DETAILS
A. Polarizability calculations

Static and dynamic polarizability tensor components (α ‖
and α⊥) for H2 have been calculated on a grid of 176 points
spanning from 0.2 a.u. to 12.0 a.u. with a step size (∆r) of
0.05 a.u. from [0.2, 0.35] a.u., ∆r = 0.025 a.u. from [0.35,
4.0] a.u., ∆r = 0.2 a.u. from [4.0, 6.0] a.u., ∆r = 0.25 a.u.
from [6.0, 8.0] a.u., and ∆r = 0.5 a.u. from [8.0, 12.0] a.u.
The calculations have been performed using the CCSD lin-
ear response function methodology40 of Christiansen et al.
with the DALTON ab initio quantum chemistry package.41

The distance-dependent dynamic polarizabilities have been
calculated for 44 wavelengths almost uniformly distributed
over the interval 182.25–1320.6 nm; a detailed list of these
wavelengths is given in the file freq.txt (in hartree) given as
part of the supplementary material.

The molecular basis set used in our calculations has com-
posite character and consists of the hydrogen’s atomic aug-
mcc-pV6Z basis set42 of Mielke et al. downloaded from the

EMSL basis set database43,44 and an additional bond func-
tion basis constructed by us and described in detail below.
The original attempt, to compute the polarizabilities using the
family of the aug-mcc-pVnZ basis sets42 and extrapolate the
results to the complete basis set limit, was unsuccessful. The
extrapolated static polarizabilites showed unacceptably large
deviations from the very accurate explicitly correlated results
reported previously by Rychlewski.45 The main reason for this
behavior is associated with a very slow convergence of the
polarizability (particularly its perpendicular component) with
respect to the size of the aug-mcc-pVnZ basis set; for details,
see Fig. 1. Even in the largest employed basis, aug-mcc-pV7Z,
the difference to the results of Rychlewski is quite substantial
and irregular with respect to the H–H interatomic distance. An
extension of the aug-mcc-pVnZ basis sets to n > 7 is impracti-
cal due to the prohibitive computational time associated with
such calculations.

The solution to this problem has been found in a form
of an additional bond function basis used in combination
with the aug-mcc-pV6Z basis set.42 Atomic orbitals (AOs)
forming aug-mcc-pV6Z are centered on the nuclei, failing to
reproduce sufficiently accurately molecular orbitals (MOs) at
regions away from the nuclei. The inclusion of bond func-
tions, i.e., basis functions centered on certain points along the
H–H bond, has been found to improve the situation consid-
erably. The concept of bond functions (also referred to as the
mid-bond functions) is not new,46–50 also in the context of
H2.51–53 In our calculations, we have observed that the defi-
ciencies of the atomic basis sets can be easily counterbalanced
by including a few additional bond functions with low angu-
lar momentum and appropriately selected exponents. We have
systematically tested the effect of including the bond functions
(BFs) on the values of polarizability of H2 over the full range
of the interatomic H–H distances and discovered the following
regularities:

• Centering the bond functions on multiple equally
spaced points along the H–H bond improves the

FIG. 1. The values of ᾱ−ᾱref andγ �γref for the static polarizabilities of H2 as
a function of internuclear distance. The mean polarizability ᾱ = (α‖ +2α⊥)/3
and polarizability anisotropy γ = α⊥ � α‖ are computed using the CCSD
methodology with the aug-mcc-pVnZ basis sets (shortly nZ) and a composite
aug-mcc-pV6Z + 5 × BF (8s6p) basis set [shortly 6Z + 5 × BF (8s6p); for
details, see text]. The reference values ᾱref and γref are taken from the work
of Rychlewski (Ref. 45).

ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-148-040810
ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-148-040810
ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-148-040810
ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-148-040810
ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-148-040810
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description of polarizability. In our final calculations,
we use bond functions centered at five equidistant
points between the two nuclei. (For details, see Fig.
F2 in the supplementary material and the discussion
therein.)

• The most important bond functions required for ade-
quate description of polarizability are those with the
angular momentum p. We have found in numerous tests
that the saturated BF p-basis is well represented by six
even-tempered54,55 exponents obtained from the for-
mula αβ1�k with α = 2.520, β = 3, and k = 1–6. The BF
s-basis, represented in our calculations by eight even-
tempered exponents generated by α = 1.851 851 9 and
β = 3, has much smaller effect. The effect of BF-bases
with higher angular momenta is insignificant at shorter
internuclear distances and for the purpose of the cur-
rent study can be neglected. Further discussion is given
in Sec. S4 of the supplementary material, particularly
in Fig. F4.

• The use of the aug-mcc-pV6Z and aug-mcc-pV7Z
bases in the H2 calculations results in a molecular
basis containing 254 and 378 functions, respectively.
The number of basis functions for the composite aug-
mcc-pV6Z + 5BF bases is 384, but the elimination
of linearly dependent components reduces its size to
approximately 280 functions at short internuclear sep-
arations and 310 functions at long interatomic separa-
tions, producing an effective basis only incrementally
larger than aug-mcc-pV6Z but of much better accuracy.
The performance of various basis sets is visualized in
Fig. 2, where we plot the static values of α ‖ , α⊥, γ, and
ᾱ computed with various bases at the equilibrium H–H
distance of 1.4 a.u. and compare it against the accurate
values reported earlier by Rychlewski.45

B. Rovibrational wave functions

The rovibrational wave functions ψv,J and energy levels
Ev,J have been determined numerically by solving the radial
nuclear equation

[
−1

r2

∂

∂r
r2

2µ
∂

∂r
+

J(J + 1)

2µr2
+ V (r)

]
ψv,J = Ev,Jψv,J (1)

(for details, see Sec. S5 in the supplementary material) on a
discrete grid of 2951 equidistant points in the interval 0.2–
12.0 a.u. The action of the kinetic energy operator in Eq. (1),
involving first and second derivatives, has been evaluated using
5-point difference formulas. The potential energy curve V (r)
has been adapted from the work of Wolniewicz.38 The potential
computed by Wolniewicz has four components: the nonrela-
tivistic potential consisting of 670 points, the relativistic cor-
rection and adiabatic correction components consisting of 56
points both, and the radiative correction component consisting
of 54 points. Each component has been separately evaluated at
the finer internuclear distance grid using cubic spline interpo-
lation, and eventually the components have been combined
to produce the potential V (r) in Eq. (1). The Hamiltonian
matrix has been diagonalized separately for every value of

FIG. 2. Static polarizabilities (α‖ and α⊥) and its invariants [ᾱ = (α‖
+ 2α⊥)/3 and γ = α⊥ � α‖ ] for H2 at r = 1.4 a.u. calculated with CCSD
using the aug-mcc-pVnZ basis sets (shortly nZ) and a composite aug-mcc-
pV6Z + 5 × BF (8s6p) basis set [shortly 6Z + 5 × BF (8s6p); for details, see
text]. The results are compared against accurate explicitly correlated results
of Rychlewski (Ref. 45) represented as dotted horizontal lines.

J = 0–15 and for different values of reduced masses µ corre-
sponding to H2, HD, and D2, yielding the rovibrational levels
(Ev,J ) and wave functions (ψv,J ). The values of physical con-
stants56 used to compute the reduced masses are me = 1 a.u.,
mp = 1836.152 673 89 me, and md = 3670.482 967 85 me. The
vibrational levels obtained in this way are accurate to about
1 cm�1, where 1 cm�1 = 1/219 474.631 370 2 hartree56 (for
details, see Tables T25–T29 in the supplementary material,
where comparisons of dissociation and transition energies with
existing literature data57–68 are given). Note that more accu-
rate methods of determining vibrational wave functions and
eigenlevels are available,57,58 but for the present purpose the
accuracy of the rovibrational wave functions obtained here is
more than satisfactory. More accurate methods of computing
the rovibrational wave functions might be useful in the future
when more accurate polarizabilities are available. The calcu-
lations have been performed using the Igor Pro69 software,
running custom written procedures. The rovibrational wave
functions (ψv,J ) determined here have been interpolated over
the interval 0.2–12.0 a.u. using a cubic spline representation, to
be used in further calculations of appropriate matrix elements
in Sec. II C.

C. Determination of the γ and ᾱ matrix elements

The matrix elements over the operators α ‖ , α⊥, ᾱ, and γ
have been computed for the rovibrational wave functions of
H2, HD, and D2 with v , v ′ = 0–4 and J , J ′ = 0–15 using the

ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-148-040810
ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-148-040810
ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-148-040810
ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-148-040810
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following formula:

〈ψv′,J′ |Ω|ψv,J〉 =

∫ rmax

rmin

ψv′,J′Ω ψv,Jr2dr, (2)

whereΩ stands either for α ‖ , α⊥, ᾱ, or γ having the lower inte-
gration limit, rmin = 0.2 a.u. and the upper integration limit,
rmax = 4.48 a.u., selected such that both the involved rovibra-
tional wave functions effectively vanish beyond this interval.
The integral has been evaluated numerically using the adaptive
Gauss-Kronrod-Patterson quadrature,70,71 as implemented in
the dqng.f subroutine of QUADPACK72 and independently by
a 100-point Gauss-Legendre quadrature.73 The values of the
both rovibrational wave functions and the polarizability invari-
ants at the quadrature points have been determined from the
cubic spline representations of each quantity. The numerical
accuracy of the integration and interpolation schemes used by
us is around 10�6 and is not an important factor, limiting the
accuracy of the computed matrix elements, which are correct
to about 10�3 due to inaccuracies in the computed values of
α ‖ and α⊥.

III. RESULTS

The distance- and frequency-dependent polarizability
invariants γ and ᾱ are represented as 2-D surfaces in Fig. 3.

FIG. 3. Wavelength dependent mean polarizability ᾱ and polarizability
anisotropy γ of H2, HD, and D2 as a function of the internuclear distance.
Frequency independent (static) values are represented using a thick red line.

These plots are identical for all the three molecules owing to
their same electronic structure. It is observed that both mean
polarizability ᾱ and polarizability anisotropy γ are smooth
functions over both the wavelength and internuclear distance.
The sharp feature observed in both plots at the shortest wave-
length is a harbinger of the resonance occurring at shorter
wavelengths. For longer wavelengths, the dynamic polariz-
ability converges smoothly to the static polarizability, which is
depicted using a thick red line in Fig. 3. To facilitate a compar-
ison with previous work, the computed values of static polar-
izability at various distances over the interval 0.5–12.0 a.u. are
listed in Table T17 in the supplementary material.

The matrix elements over the operator ᾱ computed for
the ground electronic state (X1Σ+

g ) of H2, HD, and D2 are tab-
ulated in Tables T1–T6 under Sec. S1 of the supplementary
material. Tables T1, T3, and T5 list the values of the mean
polarizability ᾱ, averaged over the ground (v = 0, J = 0) and
the first vibrationally excited (v = 1, J = 0) states relevant in the
context of Rayleigh scattering in the columns two and three.
The remaining columns list the matrix elements for the ∆v
= 1, ∆J = 0 rovibrational transitions pertinent to the Raman
intensities of the Q1-branch. Tables T2, T4, and T6 list similar
values for the matrix elements connecting the v = 1 and v = 2
states relevant for the Q2-branch.

The matrix elements over the operator γ computed for
H2, HD, and D2 are tabulated in Tables T7–T15 under Sec.
S2 of the supplementary material. Tables T7, T10, and T13
contain matrix elements for v = 0 and Tables T8, T11, and T14
contain matrix elements for v = 1, while Tables T9, T12, and
T15 have the matrix elements for v = 2. These matrix elements
are tabulated for the ∆v = 0, ∆J = ±2 rovibrational transitions
pertinent to the Raman intensities of the O- and S-branches.
The maximal value of J in the initial state is set to eight in
all the tables. For completeness, Tables T7–T15 give also the
value of the γv0,v0 matrix element, derivable from experimental
data.

The quantities derived here are the key ingredients in mod-
eling and quantitative assessment of the experimental Raman
spectra of H2, HD, and D2. The remaining ingredients such
as Boltzmann distribution factors, nuclear spin degeneracies,
and Placzek-Teller coefficients are not discussed here. The
matrix elements reported in Tables T1–T15 in the supplemen-
tary material are the absolute values given in atomic units.
Conversion factors74 to other units are listed in Table T16 of
the supplementary material.

IV. DISCUSSION

The most extensive tabulation of polarizability, its invari-
ants, and the associated matrix elements for H2, HD, and D2

available in the literature was given by Rychlewski in a series
of papers27,45,76 published in the early 1980s. Rychlewski27

presented frequency-dependent diagonal matrix elements for
HD and D2 and off-diagonal matrix elements for H2, extend-
ing an earlier study of Bishop and Cheung,75 who reported the
diagonal matrix elements for H2. Unfortunately, these results
cover only a portion of data needed to explain all the exper-
imental77 Raman transitions for H2, HD, and D2 detectable
with modern Raman spectrometers. Publication of our data

ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-148-040810
ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-148-040810
ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-148-040810
ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-148-040810
ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-148-040810
ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-148-040810
ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-148-040810
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fills this gap, substantially extending the scope of previous
investigations, both in respect of rovibrational states covered
and the reported laser frequencies. The quality of our results
is similar to the quality of the existing data.27,75 In cases,
where the discrepancies between our results and the exist-
ing data are found not to be negligible, we are able to show
that these differences originate from numerical errors in the
work of Rychlewski;27 details are given below. An accuracy
assessment of our results is presented in Fig. 4, where we
compare all the available matrix elements given by Rych-
lewski27 and Bishop and Cheung75 with analogous results
obtained from our calculations by plotting the differences
between both sets of data as a function of laser wavelength
for the following matrix elements: 〈0, J |Ω|0, J〉 with J = 0–4
for H2 and with J = 0–6 for HD and D2, and 〈0, 0|Ω|1, 0〉 and
〈0, J |Ω|0, J + 2〉 with J = 0–2 for H2, where Ω denotes either
ᾱ or γ.

Most of our matrix elements agree with the analogous
results given previously by Rychlewski27 and Bishop and
Cheung75 up to 0.2%. The following exceptions have been
identified and analyzed:

• Large discrepancies for the values of 〈0, 5|γ|0, 5〉 and 〈0,
6|γ|0, 6〉 for D2 at 237.93 nm result from an error in the
tabulation of matrix elements in Table IV of Ref. 27,
where for the wavelength of 2379.3 Å instead of 〈0,
5|γ|0, 5〉 and 〈0, 6|γ|0, 6〉 the values of 〈0, 6|γ|0, 6〉 and
〈0, 7|γ|0, 7〉 were mistakenly reported.

• Large discrepancies for the matrix elements 〈0, J |γ|0,
J〉 of HD with J = 0–6 for the following frequencies
182.26, 404.77, 407.90, 435.96, and 546.23 nm origi-
nate from erroneous values of the matrix elements given
in Table III of Ref. 27. This can be seen easily from
the plot given in Fig. 5, where we show the difference
〈0, J |γ|0, J〉HD

� 〈0, J |γ|0, J〉D2 for J = 0 as a func-
tion of laser wavelength for our data (red circles) and
Rychlewski’s results (blue circles). For all the reported
laser wavelengths but five (182.26, 404.77, 407.90,
435.96, and 546.23 nm), both sets of data change
smoothly in a similar and predictable way. For the
remaining five wavelengths, our data behave smoothly,
occupying natural positions on the line demarcated by
other wavelengths, while the data of Rychlewski show

FIG. 4. Relative difference (in %) defined as [(〈Ω〉vJ ,v′J′ − 〈Ω〉
ref
vJ ,v′J′ )/〈Ω〉

ref
vJ ,v′J′ ] between the present results and the reference results of Rychlewski (Ref. 27)

and Bishop (Ref. 75) for the wavelength dependent matrix elements of mean polarizability (Ω = ᾱ) and polarizability anisotropy (Ω = γ). The entries for the
diagonal matrix elements are marked with solid circles and for the off-diagonal matrix elements with open circles. For H2, the reference diagonal matrix elements
(〈0, J |Ω|0, J〉 with J = 0–4) are taken from Ref. 75 and the reference off-diagonal matrix elements (〈0, 0|Ω|1, 0〉 and 〈0, J |Ω|0, J + 2〉 with J = 0–4) from Ref. 27.
For HD and D2, all reference entries (〈0, J |Ω|0, J〉 with J = 0–6) are taken from Ref. 27.
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FIG. 5. Absolute differences between the wavelength dependent matrix ele-
ment 〈γ〉00,00 for H2 and HD computed from our data (green circles) change
smoothly with wavelength as anticipated for polarizability anisotropy. Similar
observation concerns the analogous differences for HD and D2 computed from
our data (blue circles). However, the differences computed from the results
of Rychlewski (Ref. 27, red circles) show large deviation from the expected
trend at 182.26, 404.77, 407.90, 435.96, and 546.23 nm, indicating possible
numerical errors in Table III of Ref. 27 for values at these wavelengths. Similar
departure from the expected trend exists also for the matrix elements 〈γ〉0J ,0J
with J = 1–6 of HD.

large and irregular departures from that line, suggest-
ing large numerical errors. The reasons for the errors
in Rychlewski’s work have not been identified.

• For a number of wavelengths (230.29, 275.36,
and 632.80 nm) in the plots corresponding to the
〈0, 0|ᾱ |1, 0〉 and 〈0, 0|γ|1, 0〉 matrix elements of H2

in Fig. 4, large numerical discrepancies have been
observed between our data and the results given by
Rychlewski in Ref. 27. To understand which of the two
sets of data experiences numerical problems, we have
plotted in Fig. 6, the ratio 〈0, 0|γ |1, 0〉/〈0, 0|ᾱ |1, 0〉 as
a function of laser wavelength for our data (red circles)
and Rychlewski’s results (blue circles). Both sets of
data have been subsequently fitted to a cubic polyno-
mial in the inverse powers of the wavelength, and the
residuals of the fits (see Fig. 6) have been analyzed.
The residuals of the fit corresponding to our data are
of the order 10�5, and the residuals corresponding to

Rychlewski’s results are of the order 10�3, with partic-
ularly large fitting errors for the wavelengths of 230.29
and 632.80 nm. These results suggest that the discrep-
ancies discussed here are originating from numerical
noise in Rychlewski’s results.

• For H2, our results show noticeably larger systematic
departure from the results of Bishop and Cheung75

(up to 0.25% for the diagonal matrix elements over
the ᾱ operator and up to 1% for the diagonal matrix
elements over the γ operator) than from the results
of Rychlewski27 (0.15% and 0.20%, respectively, for
the off-diagonal elements after elimination of the erro-
neous outliers identified above). It is difficult to state
unequivocally, which of these two existing sets of the-
oretical data is more precise as Rychlewski used larger
explicitly correlated basis in his calculations, but at the
same time he resorted to approximations (similarly like
this work) in the averaging procedure. Close numeri-
cal resemblance of our results to the results of Rych-
lewski, in the light of the fact that they were obtained
using drastically different approaches, suggests that the
larger numerical discrepancies to the work of Bishop
and Cheung75 might be possibly ignored by treating
this reference as less accurate. We discuss this issue
again later, while comparing our results with the avail-
able experimental findings. We give a warning here: if
more accurate polarizability matrix elements are avail-
able in the future, the discrepancy between Bishop
and Cheung’s and Rychlewski’s results discussed here
should be one of the most important issues to be
re-investigated.

Another set of matrix elements 〈v , J |γ|v , J + 2〉 with
v = 0–1 and J = 0–3 and 〈v , J |ᾱ |v + 1, J〉 with v = 0 and
J = 0–3 was computed for H2, HD, and D2 at the wavelength
of 488 nm by Schwartz and Le Roy.28 Our results show close
resemblance to this set of data with an almost constant differ-
ence of 0.0004 for the matrix elements involving ᾱ and 0.0010
for the matrix elements involving γ. A detailed comparison is
given in Table T30 of the supplementary material.

FIG. 6. Ratio 〈γ00,10〉/〈ᾱ00,10〉 for H2 plotted as a function of laser wavelength using the results by Rychlewski (Ref. 27, blue solid circles) and the present
results (red solid circles). Cubic polynomial fit (blue and red lines) in inverse powers of the wavelength is used to assess the quality of both sets of data by
visualizing the fitting residuals (upper panels). The fit residuals for Rychlewski’s results (blue open circles) are ∼100 times larger than the residuals for our
results (red open circles), suggesting substantial numerical noise in respective matrix elements of H2 in Table VII of Ref. 27.

ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-148-040810
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Accurate determination of polarizability by experiment is
quite a difficult task and needs special considerations when
aiming at errors smaller than 2%. For this reason, the number
of available experimental data is rather limited. James and co-
workers35 have measured the depolarization ratio of the Q1(J)
branch given by ρ = [3b(2)

J γ2/(45ᾱ2 + 4b(2)
J γ2)], where b(2)

J
is the Placzek-Teller factor for ∆J = 0 transitions. They have
reported ρ [for Q1(J) branches] for all the isotopologues of the
hydrogen molecule at 532 nm while carefully correcting for
polarization and geometrical aberrations. Our present results
are in good agreement with their reported results tabulated in
Table I.

Cureton and co-workers10 have determined polarizabil-
ity anisotropy relevant to the v = 1, J = 1 → v = 1, J = 3
pure rotational Raman transition in the first vibrational state
of H2 by utilizing stimulated Raman pumping using pulsed
683 and 954 nm light for populating the v = 1 state and a time
delayed probe laser at 355 nm for observing the spontaneous
rotational Raman signal. Using the integrated band intensities
of the S1(1) band to the S0(1) band (AS1(1)/AS0(1)) and employ-
ing the extrapolated experimental value of γ01,03 available
for 488 nm from the work of Asawaroengchai and Rosen-
blatt,80 they determined the polarizability anisotropy (γ11,13)
at 355 nm. The value of γ11,13 at 355 nm obtained by us in the
current work is larger by ∼17% than that reported by Cureton
and co-workers (see Table II). The complexity of the scien-
tific reasoning based on relatively simple experimental results
do not allow us to state clearly what the reasons for such a
large discrepancy could be. We believe that careful critical re-
investigation of the reasoning could shed some light on this
issue. The theoretical value computed for the first vibrational
state and reported by us in the current paper is in good agree-
ment with the earlier analogous result reported by Schwartz
and Le Roy28 (see Table II and Table T30 of the supplementary
material), suggesting that both theoretical values are likely to
be correct.

MacAdam and Ramsey78 directly measured the polar-
izability anisotropy of H2 and D2 for J = 1 in the ground
electronic and vibrational state utilizing molecular-beam
magnetic-resonance measurements. Their experimental val-
ues of 〈γ〉01,01, 2.0353 (33) a.u. for H2 and 1.9685 (26) a.u. for
D2, are in good agreement with the present results, 2.0390 for
H2 and 1.9695 a.u. for D2.

Bridge and Buckingham79 reported the Rayleigh depolar-
ization ratio (κ = γ/3ᾱ) of laser beam scattered by different
gases including H2 and D2. In their work, the Rayleigh depo-
larization ratio has been carefully determined at 632.8 nm

using a specially designed cell placed inside a laser cavity
while taking care to remove the effect from dust particles,
reflections from the gas-cell windows, as well as the small
contributions from Raman scattering in the case of H2. This
allowed for very accurate experimental determination of the
depolarization ratio from which the polarizability in the ground
state was derived. The depolarization ratio was found to be
0.128 ± 0.002 for H2 and 0.123 ± 0.002 for D2. Our present
values of these ratios, 0.1264 for H2 and 0.1238 for D2,
are within the experimental errors. A detailed comparison of
our mean polarizability and anisotropy matrix elements com-
puted at 632.8 nm with the analogous experimental results
of Bridge and Buckingham reported in Ref. 79 is given in
Table II.

Asawaroengchai and Rosenblatt80 determined the value
of the first derivative of the polarizability anisotropy 〈γ1/γ0〉re

for H2 and D2 at the equilibrium internuclear distance using
488 nm laser and a tungsten lamp for intensity calibration.
Hamaguchi and co-workers81,86 determined the first and the
second derivatives of the polarizability anisotropy (〈γ1/γ0〉re

and 〈γ2/γ0re
〉) for H2 and D2 using laser wavelengths from

476.5 to 514.5 nm. These results were obtained using a
non-linear least squares regression analysis of the observed
experimental intensities and, in addition to the set of the
derivatives, simultaneously yielded the response function of
the spectrometer in the considered spectral window. We have
extracted similar derivatives for H2 and D2 and their expec-
tation values from the results obtained in the current study.
We have computed analogous first and second derivatives for
H2 at 476.5, 488, and 496.5 nm and for D2 at 514.5 nm
using our results and have averaged them to compare with
the results of Hamaguchi et al. The comparison for the first
and the second derivatives, shown in Table II, shows satis-
factory agreement between the experimental and theoretical
results.

Victor and Dalgarno82 listed the derived thermally aver-
aged dynamic mean polarizabilites in the ground vibrational
state at several wavelengths spanning 185.46–632.8 nm using
data from the existing literature on refractive indices84,85

and polarizability.83 These thermally averaged dynamic mean
polarizabilites are compared with our computed results (after
thermal averaging) in Table II where the present values are
larger up to 0.3%, indicating good correspondence between
both sets of data.

Theoretical results by Bishop and Cheung75 for ther-
mally averaged mean polarizability and anisotropy are shown
in Table II, where the disagreement with our results shows

TABLE I. Comparison of the theoretical and experimental depolarization ratios of the Q1 branch of H2, HD, and D2 at 532 nm.

H2 HD D2

Theory Expt. Theory Expt. Theory Expt.

J Our Reference 35 Reference 35 Our Reference 35 Reference 35 Our Reference 35 Reference 35

1 0.0183 0.0183 0.0177(6) 0.0177 0.0176 0.0174(6) 0.0180 0.0180 0.0177(6)
2 0.0133 0.0132 0.0133(6) 0.0127 0.0127 0.0118(6) 0.0130 0.0130 0.0126(6)
3 0.0125 0.0125 0.0128(6) 0.0120 0.0119 0.0112(6) 0.0122 0.0122 0.0121(6)

ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-148-040810
ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-148-040810
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TABLE II. Comparison of available theoretical and experimental results for the mean polarizability and
anisotropy.

Molecule Property λ (nm) Theory Expt.

Our Reference 10a Reference 10

H2 〈γ〉01,03 355 2.2771 2.2819
〈γ〉11,13 2.8413 2.8228 2.411(28)

Our Reference 78

H2 〈γ〉01,01 Static 2.0390 2.0353(33)
D2 〈γ〉01,01 Static 1.9695 1.9685(26)

Our Reference 79

H2 〈ᾱ〉00,00 632.8 5.5232 5.527(27)
〈γ〉00,00 2.0947 2.119(10)

D2 〈ᾱ〉00,00 632.8 2.0254 2.018(10)
〈γ〉00,00 5.4514 5.459(27)

Our Reference 80

H2 〈γ1/γ0〉00,00 488 2.6769 2.63(0.07)
D2 〈γ1/γ0〉00,00 488 2.6778 2.63(0.07)

Our Reference 81b

H2 〈γ1/γ0〉00,00 476.6, 488, 496.5 2.6772 2.53(0.13)
〈γ2/γ0〉00,00 476.6, 488, 496.5 4.8997 3.97(1.33)

D2 〈γ1/γ0〉00,00 514.5 2.6713 2.53(0.13)
〈γ2/γ0〉00,00 514.5 4.8763 3.97(1.33)

Ourc Reference 75d Reference 82e

H2 〈ᾱ〉 avf 185.46 7.0548 7.0445 7.035
186.27 7.0358 7.0257 7.017
193.58 6.8792 6.8712 6.868
199.05 6.7777 6.7709 6.771
230.29 6.3693 6.3655 6.384
237.91 6.2993 6.2961 6.303
253.56 6.1792 6.1767 6.183
275.36 6.0509 6.0491 6.055
296.81 5.9553 5.9540 5.960
334.24 5.8355 5.8348 5.840
404.77 5.7003 5.7002 5.705
407.90 5.6960 5.6959 5.701
435.96 5.6617 5.6617 5.667
546.23 5.5762 5.5765 5.582
632.80 5.5389 5.5394 5.554

Ourc Reference 75d

H2 〈γ〉avf 185.46 3.1183 3.0946
186.27 3.1045 3.0811
193.58 2.9922 2.9717
199.05 2.9203 2.9016
230.29 2.6397 2.6258
237.91 2.5929 2.5797
253.56 2.5134 2.5014
275.36 2.4296 2.4188
296.81 2.3680 2.3580
334.24 2.2918 2.2827
404.77 2.2071 2.1990
407.90 2.2044 2.1963
435.96 2.1831 2.1753
546.23 2.1305 2.1232
632.80 2.1077 2.1006

aExtrapolated results derived from data given in Ref. 28.
bH2 measured using the 476.5, 488, and 496.5 nm laser. D2 measured using the 514.5 nm laser. All the Raman intensity data from
H2 and D2 were treated together to extract the derivatives.
cAveraging up to v = 0, J = 7 at 293 K.
dAveraging up to v = 0, J = 4 at 293 K.
eDerived from results given in Refs. 83–85.
fThermal rotational average.
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wavelength dependent change, as also visualized in Fig. 4 (for
diagonal matrix elements of ᾱ and γ) for H2. Even so, the
maximum difference is less than 0.2% for thermally averaged
mean polarizability and less than 0.8% for thermally averaged
anisotropy. It is difficult to ascertain which of the two (present
or the work of Bishop and Cheung) is more reliable while
estimating the plausible source(s) of errors.

In general, the agreement between our calculations and
the available theoretical (Fig. 4 and Table T30 in the supple-
mentary material) and experimental (Tables I and II) results
is rather good, except for the results reported in Ref. 10 by
Cureton and co-workers.

A detailed analysis of various sources of errors in the
computational procedure employed in the current study is
presented in Sec. S6 of the supplementary material. The com-
puted matrix elements are accurate to about 10�3, and for
that reason we tabulate them in Tables T1–T15 of the sup-
plementary material only up to four digits after the decimal
point. The major error component in the presented matrix
elements originates from the inaccuracies in the polarizabil-
ity invariants. Note that the current accuracy is sufficient for
our main goal of developing a universal standard for deter-
mining absolute Raman cross sections and absolute Raman
intensities needed for quantitative Raman spectroscopy, where
currently the routine measurements have a typical error of
the order of ∼4%-5%. Our goal is to reduce this uncertainty
to ∼1%-2%, which should be possible with our theoretical
data.

V. CONCLUSIONS

We present an exhaustive compilation of frequency depen-
dent polarizability rovibrational matrix elements relevant in
the context of Rayleigh and Raman scattering experiments for
H2, HD, and D2. The matrix elements, accurate to about 10�3,
can be computed by a numerical integration routine provided
by us for any excitation wavelengths in the interval 182.25–
1320.6 nm and for any rovibrational states with J = 0–15 and
v = 0–4. An extensive compilation of various matrix elements
evaluated in this way for 52 various excitation wavelengths
between 182.25 and 1320.6 nm corresponding to the frequen-
cies of commercially available lasers is given in Tables T1–T15
of the supplementary material. The dynamic polarizabilities
are determined from CCSD calculations using an augmented
sextuple-zeta basis set with additional custom bond-functions
designed to achieve high accuracy. The set of rovibrational
wave functions for the electronic ground state of H2, HD, and
D2 is determined by solving numerically the radial-nuclear
equation, using the clamped nuclei potential energy surface
with adiabatic, relativistic, and radiative corrections computed
by Wolniewicz.38 The tabulated matrix elements extend sub-
stantially the data available in the literature, both with respect
to the number of rovibrational states covered and the num-
ber of reported laser frequencies, allowing us also to identify
and correct a number of numerical or procedural errors in the
previously published results.

The reported matrix elements can be used to straight-
forwardly calculate the Rayleigh and Raman cross sec-
tions,2–4,103,104 leading to the intensities of Rayleigh and

Raman bands which allows for the accurate quantitative
Raman spectroscopy of molecular hydrogen applicable to the
studies of flames18,20 and catalysis.87,88 Calculation of the
accurate band intensity also gives the depolarization ratios.35,89

Moreover, several important wavelength dependent physical
properties such as refractive indices,82,84,85 Verdet90,91 and
Kerr constants92–94 can be readily computed using the matrix
elements.

From our perspective, the possibility of theoretical deter-
mination of accurate Raman band intensities provides an
excellent opportunity for assessing the performance of Raman
spectrometers and for their careful and accurate calibra-
tion.6,7 The knowledge of the depolarization ratios of these
molecules allows for the simultaneous correction for the
polarization dependence of spectrometer’s sensitivity. A cal-
ibrated Raman spectrometer can be used for many kinds
of precise experiments, for example, absolutely quantita-
tive Raman spectroscopy provided the Raman cross section
for the specific marker band of the molecule of study is
known,5 experimental determination of Raman and Rayleigh
cross sections,3,11–13,95,96 determination of temperature at the
sampling point using the measured anti-Stokes and Stokes
Raman intensities,5,14–23 analysis of the population distribu-
tion among rovibrational states necessary to understand relax-
ation and energy transfer processes8 and population trans-
fer among rovibrational states9,10,97 studied using Raman
spectroscopy.

In general, the calculated Raman band intensities can be
used to calibrate spectrometers involving photon detection,
provided the wavelength ranges are appropriate to measure
a few Raman bands from hydrogen isotopologues (or other
molecules whose Raman cross sections are known) using a
laser of suitable wavelength, for example, the calibration of the
fluorescence spectrometer using H2

98,99 and Thomson scat-
tering spectrometers33,34,36 calibrated using pure rotational
Raman bands of H2 and D2. Thus, the present set of wave-
length dependent matrix elements enables such applications
for calibration procedures involving H2, HD, and D2.

The thorough compilation of matrix elements reported in
this study thus has wide applications, and the present work
constitutes the first step in the process of developing a univer-
sal standard for Raman intensities based on the rovibrational
transitions in H2, HD, and D2.

SUPPLEMENTARY MATERIAL

See supplementary material for the following addi-
tional content: (S1) matrix elements of mean polarizability,
ᾱ = (2α⊥ + α ‖+)/3; (S2) matrix elements of polarizability
anisotropy, γ = (α ‖ � α⊥); (S3) static polarizability com-
ponents and invariants for H2 at selected distances; (S4)
development of the bond functions used in this work; (S5)
details of the numerical procedure used for the solution of
the 1D Schrödinger equation (along with a comparison with
the results obtained by the Cooley method100,101); (S6) error
estimation for matrix elements; (S7) tables of the computed
dissociation and transitions energies of H2, D2, and HD; and
(S8) comparison of rotationally averaged mean polarizability
and anisotropy with previous results.

ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-148-040810
ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-148-040810
ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-148-040810
ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-148-040810
ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-148-040810
ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-148-040810
ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-148-040810
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APPENDIX: SOFTWARE AND DATA AVAILABILITY

Programs for computation of rovibrational matrix ele-
ments along with the polarizability data (α⊥ and α ‖) and
rovibrational wave functions are available on GitHub39 and as
the supplementary material with a detailed tutorial on usage.
Computation of static and wavelength dependent matrix ele-
ments matrix elements of polarizability perpendicular to the
internuclear axis (α⊥), polarizability parallel to the internu-
clear axis (α ‖), mean polarizability (ᾱ = (2α⊥ + 2α ‖)/3), and
the anisotropy (γ = α ‖ � α⊥) for H2, HD, and D2 in v = 0–4
and J = 0–15 can be performed using these tools.
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